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Abstract: Two different definitions of the safety factor are applied to investigate the 
evolution of the safety factor profile during normal sawteeth, the stationary state, and 
the incomplete reconnection. It is found that the safety factor profiles from the old 
definition are sometimes inconsistent with the Poincare plots of the magnetic field 
during sawteeth. The old safety factor always indicates that the safety factor around 
the magnetic axis is flattened and equal to 1.0 with the development of the kink 
instability. However, the Poincare plots of the magnetic field lines indicate that the 
topology of the magnetic field around the magnetic axis has not been changed. To 
solve the inconsistency, we propose a new definition of the safety factor, in which the 
poloidal angle relative to the new twisted magnetic axis is used instead of the poloidal 
angle to the original axis. With the new definition, the safety factor profiles are 
consistent with Poincare plots of the magnetic field. We also find that the safety factor 
profiles are significantly different from the two different q definitions. With the new q 
definition, the safety factor at the magnetic axis 
0q  remains unchanged in almost the 
entire period of a sawtooth and jumps up to 1.0 near the end during normal sawteeth; 
in the non-axisymmetric equilibrium, 
0q  is still far below 1.0; 0q  remains its initial 
value throughout the incomplete reconnection.  
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I. Introduction 
Sawteeth are common phenomena for magnetically confined fusion device, whose 
central safety factor falls below one. [1] During sawteeth, the central plasma pressure 
periodically crashes after a slow rise. Sawteeth can not only flatten center plasma 
temperature but also trigger neo-classical tearing modes in nearby resonant 
surfaces[2], which results in a significant reduction of energy confinement.  
Since the sawteeth are deleterious for Tokamak operations, many efforts were 
taken to understand the mechanism of sawteeth.[3-5] However, after more than 40 
years, two fundamental points of sawteeth is still unknown, i.e., the mechanism of the 
fast pressure crash and whether the magnetic reconnection is complete or incomplete 
during the crash. For the first problem, there are several candidates, i. e. the Hall 
effect,[6] the stochasticity of the magnetic field[7], and the pressure-driven 
instabilities.[8] For the second problem, we are even unable to know whether the 
incomplete reconnection has actually occurred since the q profile evolution from 
different Tokamaks is significantly different. In TFTR[9] and ASDEX-U[10], the 
safety factor of the magnetic axis 
0q  remains almost unchanged during sawteeth. 
However, in other experiments, 
0q  goes above one after the crash. Therefore, the 
calculation of q profiles is of great importance to understand the physical mechanism 
of the sawteeth, especially for incomplete reconnection.  
The safety factor is defined as q



=

 to reflect the helicity of a magnetic field 
line, where   and   are the changes of the toroidal and poloidal angles along 
the magnetic field line based on the initial untwisting magnetic axis. However, if the 
magnetic axis is twisted due to kink instabilities, the magnetic field lines not only 
twist with its helicity but also have to wind around the twisted magnetic axis. If we 
still use such a definition, the q profile will totally be misleading and deceptive. For 
example, if the 1/1 kink instability is well developed, the magnetic axis will be 
twisted, and its helicity is m/n=1/1. Assuming the twisted magnetic axis at a toroidal 
plane locates at 
0( , , )A Ar   − , where Ar  is the distance between the locations of 
  3 / 18 
 
the new and initial magnetic axis, 
0A  is the poloidal angle of the new twisted 
magnetic axis at =0 . Then, the twisted magnetic axis locates at  
 
0 0cos( )A A A AR R r  = + − , (1) 
 
0 0sin( )A A A AZ Z r  = + − , (2) 
where (
0AR , 0 =0AZ ) is the position of the untwisted magnetic axis at =0 . Magnetic 
field lines in the region 2( ) ( )A A AR R Z Z r− + −   now wind around the twisted 
magnetic axis while magnetic field lines in other regions are not affected. For a 
magnetic field line starts from ( + ,0,0)AR r  and Ar r , its helicity is Fq , the 
location of the magnetic field line at each plane will be  
 0 0( ) cos( ) cos( / )A A A FR R r r q   = + − + −  (3) 
 0( ) sin( ) sin( / )A A FZ r r q   = − + −  (4) 
We name the old safety factor as, 
 
0 0
/(2 )
=
/ 2
old
z z
q
N N
   
 = =
  
= =

, (5) 
where 
0zN =  is the time for a magnetic field line crossing the 0Z =  plane. From 
( ) 0Z  = , we get 
 0sin( ) sin( / ) 0A A Fr r q  − + − =  (6) 
Since Ar r , then  
 0 02[ ] arcsin[ sin( / )]
2
z
A F
A
N r
q
r
   = = + + −  (7) 
or  
 0 0(2[ ] 1) arcsin[ sin( / )]
2
z
A F
A
N r
q
r
   = = + + − −  (8) 
To get an accurate safety factor, we have 0 1zN =   (typically 0 ~1000zN = ). Thus, 
 
0zN  =   (9) 
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And the old safety factor will be 
 
0
1old
z
q
N

 =

=   (10) 
Equation (10) indicates that the old definition of the safety factor has not considered 
that the magnetic axis is twisted due to the kink instability, and all magnetic field lines 
in the region must wind around the twisted magnetic axis. As a result, no matter what 
the helicity of the magnetic field it is, the old definition of q always ‘proves’ that the 
profile of the old safety factor around the magnetic axis ( Ar r ) is flattened, and they 
are equal to unit. It should be noted that the helicity or topology of a magnetic field 
line should remain unchanged unless the field line is reconnected. If the magnetic 
field lines in the region ( Ar r ) have not been reconnected, the safety factor should 
remain its initial value. As we can see, the safety factor from Equation (1.10) fails to 
reflect the helicity of the magnetic field, and it always gives a wrong q value. The 
reason is that, in this region, the old definition of q has not taken into the influence of 
the twisted magnetic axis.  
 In the region 2( ) ( )A A AR R Z Z r− + −  , since the magnetic field line is not 
affected by the twisted magnetic axis, the old q definition gives a right value, i.e.,  
 
old Fq q  (11) 
Note that magnetic field lines in the m/n=1/1 island do not wind around the new 
magnetic axis, and the safety factor in the island is not affected. From the above 
discussion, the old safety factor will always give a wrong value in the region near the 
twisted magnetic axis. That is the reason why the q profiles sometimes are 
inconsistent with the Poincare plots of magnetic field lines during sawteeth. 
II. A new method for the safety factor calculation  
 Since the main problem is resulted from the influence of the twisted magnetic 
axis, we introduce the new poloidal angle 
A'= -   , where   and A  are the 
poloidal angles of a magnetic field line and the twisted magnetic axis. Thus, the new 
poloidal angle A'= -   of the magnetic field line is the poloidal angle, which is 
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relative to the twisted magnetic axis. In the region 2( ) ( )A A AR R Z Z r− + −  , the 
relative position of the magnetic field line to the twisted magnetic axis is 
 ( ) cos( / )new FR r q = −  (12) 
 ( ) sin( / )new FZ r q = −  (13) 
Similarly, the new safety factor 
 
0 0
/(2 )
' / 2
new new
new
z z
q
N N
   
 = =
  
= = =

, (14) 
where 0newzN =  is the time for the magnetic field line crossing the 0newZ =  plane. 
From ( ) 0newZ  = , 
 sin( / ) 0Fr q− = , (15) 
 0newF zq N  = = , (16) 
Then, 
 
0new
new F
z
q q
N

 =

=   (17) 
Equation (1.16) indicates that the new safety factor in the region 
2( ) ( )A A AR R Z Z r− + −   can successfully solve the problem resulted from the 
influence of the twisted magnetic axis.  
 Now we calculate the safety factor in the region with 2( ) ( )A A AR R Z Z r− + −  . 
Since magnetic field lines are not affected by the twisted magnetic axis, 
 0 0( ) cos( / ) cos( )new A F A AR R r q r   = + − − −  (18) 
 0( ) sin( / ) sin( )new F A AZ r q r   = − − −  (19) 
From ( ) 0newZ  = , 
 0sin( / ) sin( ) 0F A Ar q r  − − − =  (20) 
Since Ar r ,  
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0
0{2[ ] arcsin[ sin( )]}
2
newz A
F A
N r
q
r
   
=
 = − − , (21) 
or 
 
0
0{(2[ ] 1) arcsin[ sin( )]}
2
newz A
F A
N r
q
r
   
=
 = + + −  (22) 
thus  
 
0new
new F
z
q q
N

 =

=  . (23) 
Equations (17) and (23) indicate that, when the magnetic axis is twisted by the kink 
instabilities, we can obtain the right safety factor by using the poloidal angle relative 
to the twisted magnetic axis during q calculation. It is also should be noted that the 
new safety factor calculation method can be applied in the whole region, not only in 
the region where the magnetic field lines have to wind around the twisted magnetic 
axis.   
III. Simulation results 
All the simulations in the present paper are carried out with the CLT code. [11] 
Since the purpose of the simulations is to verify the accuracy of the new safety factor, 
we do not repeat the details of the CLT code. Similar simulation results could be 
found in our previous studies (W. Zhang et al. to be published).  
i. Normal sawteeth 
 
Figure 1. The kinetic energy evolution of normal sawteeth. 
 
The parameters used in this subsection are given as follows: the plasma beta 
0 ~ 2.4% , the resistivity 
62.5 10 −=  , the diffusion coefficient 51.0 10D −=  , the 
  7 / 18 
 
viscosity -4=1.0 10  , the perpendicular and parallel thermal conductivities 
52.0 10 −⊥ =   and 
2
|| 5 10
−=  , respectively. The kinetic energy evolution during 
normal sawteeth is shown in Figure 1. The Poincare plots of magnetic field lines and 
the q profiles at four typical moments in the first cycle ( 0 At t= , 1243 At t= , 
1597 At t= , and 1775 At t= ) are shown in Figure 2. As shown in Figure 2e and 2h, the 
old and new definition give the same profiles when the amplitude of the kink mode is 
small or magnetic reconnection finishes. However, when the m/n=1/1 magnetic island 
appears, the old and new safety factors at the magnetic axis are significantly different. 
The old safety factor is 1.0 at 1243 At t= and 1597 At t=  as shown in Figure 2f and 
2g. However, the new safety factor remains 
0 0.7q = , which is its initial value.  
It should be noted that the helicity (or topology) of magnetic field lines should 
remain unchanged unless the magnetic field line is reconnected. Therefore, the safety 
factor at the magnetic axis should remain its initial value at 1243 At t=  and 
1597 At t= . However, the old definition indicates that 0 1.0q = , and the q profile 
becomes flattened around the magnetic axis, which is obviously wrong. As pointed 
out in the introduction, the wrong results come from the influence of the twisted 
magnetic axis. Taking into account the influence of the twisted magnetic axis, 
0q
remains its initial value even when the nearby magnetic field lines start to reconnect. 
The contour plots of the old and new safety factors at 1597 At t=  are shown in Figure 
3. The profile of the new safety factor agrees well with the Poincare plots of the 
magnetic field lines, and the old safety factor profile is far from the Poincare plots. 
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Figure 2 The Poincare plots of the magnetic field and the profiles of the safety factor 
at 0 At t= , 1243 At t= , 1597 At t= , and 1775 At t= . oldq  is the safety factor with the 
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old poloidal angle that is still defined based on the untwisting magnetic axis, and 
newq  
is the safety factor with the new poloidal angle that is redefined based on the twisting 
magnetic axis. 
 
Figure 3 The contour plots of the old (a) and new (b) safety factors at 1597 At t= . 
 
It should be noted that, even at the moment ( 1597 At t= ), when the original core 
almost disappears, the safety factor at the magnetic axis still keeps 
0 ~ 0.7q . It 
indicates that the safety factor at the magnetic axis almost keeps unchanged during the 
reconnection (Figure 2g), and suddenly jumps up to 1.0 until the magnetic flux 
reconnection finishes (Figure 2h). From Wesson’s theory [5], we know that the 
interchange instability (or quasi-interchange instability[8]) can only occur when the 
magnetic shear 
'rq
s
q
= becomes much smaller. However, as shown in Figure 2f and 
2g, the magnetic shear at the X-point becomes larger instead of smaller, which implies 
that the quasi-interchange instability should not be responsible for the fast pressure 
crash during the sawteeth in Tokamaks unless the initial safety factor profiles around 
the magnetic axis are flattened and close to unit. 
The evolutions of the safety factor at the magnetic axis with four different 
definitions are shown in Figure 4. Firstly, the minimum 
newq , which is the new safety 
factor at the new magnetic axis, keeps almost unchanged for a long time and suddenly 
  10 / 18 
 
jumps up to 1.0 at the end of the reconnection process. The minimum 
oldq , which was 
wrongly regarded as the safety factor at the magnetic axis, gradually rises to 1.0 
before the reconnection finishes (i. e. Figure 2b, 2c, 2f, and 2g). Moreover, if one uses 
(0)oldq , which is the old safety factor that located at the original axis. The axis safety 
factor will keep larger than or equal to 1.0 during the sawteeth.   
 
Figure 4 The evolutions of the safety factor at the magnetic axis for four different 
calculations. (0)newq  indicates the new safety factor located at the original magnetic 
axis. (0)oldq  indicates the old safety factor located at the original magnetic axis. 
_ minnewq  represents the minimum new safety factor along X=0, which is the new 
safety factor at the new magnetic axis. _ minoldq  represents the minimum old safety 
factor along X=0. 
 
ii. Stationary state 
Recently a non-axisymmetric stationary state that is related to sawteeth has been 
reported in many experiments[12-14]. In those papers, the magnetic field and the 
stream function both have the helicity of m/n=1/1 at the stationary state. It also has 
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been reported that the safety factor in the core region becomes flattened and is about 
1.0. However, if the new q calculation method is applied, the safety factor profile at 
the stationary state is not entirely flattened and is still smaller than 1.0. We could 
illustrate this by carrying out similar simulations. 
 
Figure 5 The kinetic energy evolution of the stationary steady of sawteeth with high 
viscosity. 
 
The parameters used in this subsection are given as follows: the plasma beta 
0 ~ 2.4% , the resistivity 
62.5 10 −=  , the diffusion coefficient 51.0 10D −=  , the 
perpendicular and parallel thermal conductivities 
52.0 10 −⊥ =   and 
2
|| 5 10
−=  , 
and the viscosity -3=1.0 10  , respectively. The kinetic energy evolution of the 
stationary state with high viscosity is shown in Figure 5. The Poincare plot of 
magnetic field lines at the stationary state is typically like Figure 6(a). As shown in 
Figure 6 (b), the old safety factor indicates that the safety factor around the magnetic 
axis is totally flattened and just above 1.0, while the new safety factor indicates that 
its safety factor still remains below 1.0, =0.86newq . The contour plots of the new and 
old safety factors at 27777 At t=  are shown in Figure 7. It is evident that the contour 
plot of the new safety factor is consistent with the Poincare plot of the magnetic field, 
while the old safety factor profile is not. 
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Figure 6 (a) The Poincare plot and (b) the profiles for the old and new safety factors at 
the stationary state ( 27777 At t= ). 
 
Figure 7 The contour plots of the (a) old and new (b) safety factors at 27777 At t= . 
 
Figure 8 The kinetic energy evolution of the stationary state of sawteeth with low 
viscosity. 
 
The evolution of kinetic energy with low viscosity ( -6=6.0 10  ) is shown in 
Figure 8. The system could also achieve the stationary state with a large m/n=1/1 
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magnetic island in the present case (Figure 9a) rather than with a small m/n=1/1 
island with high viscosity. The corresponding profiles of the old and new safety 
factors are shown in Figure 9b. The real safety factor at the magnetic axis is 0.9387, 
which is still below 1.0, which could also be seen from the contour plot of the safety 
factor (Figure 10 (b)). 
 
Figure 9 (a) The Poincare plot and (b) the profiles of the old and new safety factors at 
the stationary state ( 7104 At t= ). 
 
Figure 10 The contour plots for the (a) old and (b) new safety factors at 7104 At t= . 
 
iii. incomplete reconnection 
 Several studies [15, 16] have reported that magnetic reconnection during 
sawteeth could be incomplete due to plasmoid instabilities. It is interesting and 
important to calculate the evolution of the safety factor. The parameters used in this 
subsection are given as follows: the plasma beta 
0 ~ 0 , the resistivity 
71.0 10 −=  , 
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the diffusion coefficient 
41.0 10D −=  , the perpendicular and parallel thermal 
conductivities 63.0 10 −⊥ =   and 
2
|| 5 10
−=  , and the viscosity -8=1.0 10  , 
respectively. The Poincare plot of magnetic field lines and the corresponding q 
profiles of the old and new safety factors at four typical moments (at 0 At t= , 
3423 At t= , 4336 At t=  ,and 5324 At t= ) are shown in Figure 11. The system is 
unstable for the resistive-kink mode since the initial safety factor at the magnetic axis 
is 0.9 (Figure 11 e). During the development of the m/n=1/1 resistive-kink 
mode(Figure 11b), the current sheet near the X-point becomes thinner and thinner. 
When the current sheet thickness decreases below a critical value, a secondary tearing 
instability will be triggered, and plasmoids form near the original X-point (Figure 
11c). The secondary islands finally merge and form a large secondary island, which 
prevents the resistive-kink mode from further growing up and then finally results in 
an incomplete reconnection (Figure 11d). As shown in Figure 11e~11f, the profiles of 
the new and old safety factors are the same except the region near the magnetic axis. 
The old safety factor indicates that the safety factor is flattened and becomes equal to 
1.0. However, as shown in the Poincare plot, magnetic reconnection only occurs on 
the q=1 resonant surface instead of occurring around the magnetic axis. Therefore, the 
safety factor at the magnetic axis should remain unchanged during the incomplete 
reconnection. From the profile of the new safety factor, the safety factor at the 
magnetic axis indeed remains 0.9 throughout the simulation, and the safety factor 
profile only becomes flattened in the two 1/1 magnetic islands. The contour plots of 
the old and new safety factors at 4336 At t=  are shown in Figure 12 a and b. It is 
clear that the contour plots of the new safety factor agree well with the Poincare plots, 
while the results from the old safety factor do not. 
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Figure 11 The Poincare plots of the magnetic field and the corresponding profiles of 
the old and new safety factors at 0 At t= , 3423 At t= , 4336 At t=  ,and 5324 At t=  . 
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Figure 12 The contour plots of the (a) old and new (b) safety factors at 5324 At t= .  
 
IV. Summary and discussion 
The safety factors from two different definitions are adopted to investigate the 
evolution of the safety factor profile during normal sawteeth, the stationary state, and 
the incomplete reconnection. We find that the safety factor profiles from the old 
definition are sometimes inconsistent with the Poincare plots of the magnetic field. 
The old safety factor always indicates that the safety factor around the magnetic axis 
is flattened and equal to 1.0 with the development of the kink instability.  
A new definition of safety factors is proposed, in which the poloidal angle 
relative to the new twisted magnetic axis is used instead of the poloidal angle relative 
to the original magnetic axis. It is found that the new safety factor agrees well with 
the Poincare plots of the magnetic field for all kinds of sawteeth. The new safety 
factor at the magnetic axis remains unchanged for quite a long time of a sawtooth 
cycle and then quickly jumps up to 1.0 near the end of magnetic reconnection. For the 
new safety factor at the magnetic axis, there is no slow ramping phase. Instead, only a 
sudden transition phase (i.e. 
0q  jumps up from the initial safety factor to 1.0) that 
occurs near the end of magnetic reconnection for the normal sawteeth. It should also 
be noted that the old safety factor at the location of the original magnetic axis always 
gives 0 1.0q =  during the entire period of sawteeth.   
With the old definition, the safety factor at the magnetic axis is flattened and is 
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about 1.0 when the system achieves the steady-state. However, the Poincare plots of 
the magnetic field indicate that the safety factor at the magnetic axis should not be 1.0. 
The inconsistency is resulted from the influence of the twisted magnetic axis. With the 
new definition of q, the safety factor at the stationary state still remains below 1.0, 
instead of a flattened profile with 1.0q = around the magnetic axis. It is evident that 
only the q profile from the new definition is consistent with the Poincare plots of the 
magnetic field.  
  For the incomplete reconnection case, the helicity of the magnetic field near 
the magnetic axis should remain unchanged during sawteeth. Nevertheless, the old 
safety factor definition indicates the safety factor at the magnetic axis becomes 
flattened and equal to 1.0, which is apparently incorrect. From the new definition of 
safety factors, the safety factor indeed remains unchanged during sawteeth, which is 
consistent with the experimental observations. 
   
Acknowledgment 
 Dr. Wei Zhang would like to thank Prof. Guoyong Fu and Prof. Francesco 
Porcelli for their helpful comments. This work is supported by the National Natural 
Science Foundation of China under Grant No. 11775188 and 11835010, the Special 
Project on High-performance Computing under the National Key R&D Program of 
China No. 2016YFB0200603, Fundamental Research Fund for Chinese Central 
Universities. 
 
1. von Goeler, S., W. Stodiek, and N. Sauthoff, Studies of Internal Disruptions and m=1 
Oscillations in Tokamak Discharges with Soft X-Ray Tecniques. Physical Review Letters, 1974. 
33(20): p. 1201-1203. 
2. Buttery, R.J., et al., On the form of NTM onset scalings. Nuclear Fusion, 2004. 44(5): p. 678. 
3. Kadomtsev, B., Disruptive instability in Tokamaks(helical plasma motions). Soviet Journal of 
Plasma Physics, 1975. 1: p. 389-391. 
4. Kolesnichenko, Y.I., et al., Sawtooth oscillations with the central safety factor, 
${\mathit{q}}_{0}$, below unity. Physical Review Letters, 1992. 68(26): p. 3881-3884. 
5. Wesson, J.A., Sawtooth oscillations. Plasma Physics and Controlled Fusion, 1986. 28(1A): p. 
243. 
6. Wang, X. and A. Bhattacharjee, Nonlinear dynamics of the m=1 instability and fast sawtooth 
  18 / 18 
 
collapse in high-temperature plasmas. Physical Review Letters, 1993. 70(11): p. 1627-1630. 
7. Lichtenberg, A.J., et al., The role of stochasticity in sawtooth oscillations. Nuclear Fusion, 
1992. 32(3): p. 495. 
8. Waelbroeck, F.L., Nonlinear growth of the quasi‐interchange instability. Physics of Fluids B: 
Plasma Physics, 1989. 1(3): p. 499-505. 
9. McGuire, K., et al., High‐beta operation and magnetohydrodynamic activity on the TFTR 
tokamak. Physics of Fluids B: Plasma Physics, 1990. 2(6): p. 1287-1290. 
10. Letsch, A., et al., Incomplete reconnection in sawtooth crashes in ASDEX Upgrade. Nuclear 
Fusion, 2002. 42(9): p. 1055. 
11. Zhang, H.W., et al., Acceleration of three-dimensional Tokamak magnetohydrodynamical code 
with graphics processing unit and OpenACC heterogeneous parallel programming. 
International Journal of Computational Fluid Dynamics, 2019. 33(10): p. 393-406. 
12. Petty, C.C., et al., Magnetic-Flux Pumping in High-Performance, Stationary Plasmas with 
Tearing Modes. Physical Review Letters, 2009. 102(4): p. 045005. 
13. Oyama, N., et al., Long-pulse hybrid scenario development in JT-60U. Nuclear Fusion, 2009. 
49(6): p. 065026. 
14. Chapman, I.T., et al., Saturated ideal modes in advanced tokamak regimes in MAST. Nuclear 
Fusion, 2010. 50(4): p. 045007. 
15. Günter, S., et al., Fast sawtooth reconnection at realistic Lundquist numbers. Plasma Physics 
and Controlled Fusion, 2015. 57(1): p. 014017. 
16. Ali, A. and P. Zhu, Effects of plasmoid formation on sawtooth process in a tokamak. Physics of 
Plasmas, 2019. 26(5): p. 052518. 
 
